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Abstract
The holographic relation between local boundary conformal quan-
tum field theories (BCFT) and their non-local boundary restrictions is
reviewed, and non-vacuum BCFT’s, whose existence was conjectured
previously, are constructed. (Based on joint work [17] with R. Longo)
PACS 2003: 03.70.+k. MSC 2000: 81R15, 81T05, 81T40.
1 Introduction
This contribution highlights some aspects of a recent analysis of relativistic
conformal QFT in the presence of a boundary [17]. The main result in [17]
is that the local observables of a conformal field theory on the half-space
x > 0 of two-dimensional Minkowski space-time (“local boundary conformal
QFT” or BCFT for short) can be reconstructed from their restrictions to
the boundary, which define a non-local chiral conformal QFT (“non-chiral
local fields arise from non-local chiral fields”), and vice versa. This fact may
be regarded as a “holographic” relation between quantum field theories in
different spacetime dimensions.
A more detailed statement of the above is the following: A local con-
formal QFT on the half-space M+ = {(t, x) : x > 0} contains a subalgebra
of chiral fields, which may be naturally identified with its restriction to the
boundary, i.e., a local CFT on the real line. Restricting the full BCFT to the
boundary, one obtains a chiral CFT which is non-local, but relatively local
with respect to its chiral subtheory. Conversely, every chiral CFT which
∗Talk presented at “Rigorous quantum field theory”, symposium in honor of J. Bros,
Paris, July 2004.
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is relatively local with respect to a given local chiral subtheory, induces a
local BCFT on M+. Under some (rather natural) technical assumptions,
if one restricts a BCFT to the boundary and induces another BCFT from
the restriction, then the latter is the maximal local extension of the original
theory on the same Hilbert space. In particular, every BCFT is a subtheory
of one arising by induction from some non-local chiral CFT.
This fact gives fresh motivation to study non-local chiral quantum field
theories. E.g., to regard the non-local chiral theories on the boundary as
the primary objects, opens a new route to classification of boundary CFT.
Structure results on non-local chiral QFT have immediate consequences for
the induced BCFT’s (and their sub-theories).
While the statement of the main result amounts to the very simple iden-
tity (2.8) below, its proof is rather involved. It turns out advantageous to
swap between the two-dimensional (BCFT) and the one-dimensional (chiral
CFT) point of view. This “holographic” attitude is particularly powerful
in combination with Modular Theory ([3, 21], see below). In order to em-
phasize this situation, we reorganize in these notes the line of argument and
focus the attention on the holographic and modular aspects in the interplay
between chiral CFT and boundary CFT, rather than doubling the approach
in [17].
The Modular Theory of von Neumann algebras [21] (briefly reviewed in
the appendix) is most naturally tied to the algebraic approach to QFT [8].
Many results of great generality about local QFT have been obtained, when
this theory is applied to the algebras of bounded local observables in suitable
space-time regions in conjunction with the vacuum vector [3]. The most
prominent is the Bisognano-Wichmann (BW) property [1] in local QFT,
which states that the modular group ∆it associated with the von Neumann
algebra of observables in a wedge region and the vacuum vector, coincides
with the unitary group of Lorentz boosts which preserve the wedge, hence the
boosts are of modular origin. In fact the entire Poincare´ group (including
positivity of the energy spectrum [22]) can be constructed from modular
groups of local algebras [12]. These methods are particularly powerful in
local chiral QFT where the conformal group was found to be of modular
origin [7].
For non-local chiral theories, some nontrivial results concerning the mod-
ular group of interval algebras have been previously obtained [4] for Z2-
graded local (i.e., fermionic) theories, including the Bisognano-Wichmann
property. We show that these results generalize to non-local chiral CFT’s,
whenever these are relatively local with respect to a subtheory (which is au-
tomatically local) which is contained with finite index; in particular, this is
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true whenever the subtheory is the fixed point subalgebra under the action
of a finite internal symmetry group.
In Sect. 4 of this contribution, we construct positive-energy representa-
tions of chiral extensions associated with “nimreps” (non-negative integer
matrix representations) of the fusion rules of the underlying chiral observ-
ables. By the holographic relation, these theories give rise to local “non-
vacuum” boundary CFT’s which were conjectured to exist in [17], while spe-
cial cases were constructed explicitly in terms of chiral exchange fields [19].
Their general construction strengthens the parallelism between local BCFT
and Euclidean BCFT in Statistical Mechanics, where analogous theories are
widely considered for the remarkable properties of their partition functions
Tr exp−βL0 and their relation to matrix elements of a two-dimensional
heat kernel exp−(2pi2/β)(L+0 + L
−
0 ) at inverse temperature, between pairs
of states from a finite family of distinguished improper “boundary states”
[23].
2 Algebraic boundary conformal QFT
We denote by M+ the half-space M+ = {(t, x) : x > 0}, and by I × J the
set {(t, x) : t+ x ∈ I, t− x ∈ J}. If I and J are open intervals in R, then
O = I × J is a double-cone in Minkowski spacetime, and O ⊂M+ iff I > J
elementwise.
A BCFT is a local quantum field theory on M+, covariant under the
subgroup of Mo¨b ×Mo¨b (acting on t+x and t−x separately) which preserves
the boundary. This is the diagonal subgroup, and will be identified with the
Mo¨bius group itself.
A BCFT contains certain chiral observables, e.g., the stress-energy tensor
or conserved currents. Due to a boundary condition at x = 0, the left and
right chiral fields of the BCFT coalesce and are identified with a local chiral
field defined on the boundary R. Let A(I) denote the von Neumann algebras
generated by the latter chiral observables smeared over an interval I ⊂ R.
The inclusion-preserving assignment I 7→ A(I) is called a chiral net. The
chiral net A is local and Mo¨bius covariant (and in fact extends to a net on
the circle, into which R is embedded via a Cayley transformation). We shall
henceforth assume that the chiral net A is completely rational [14], i.e., it is
split (A(I) ∨ A(J) ≃ A(I) ⊗ A(J) if I and J are disjoint without common
boundary points) and the four-interval subfactor has finite index, implying
strong additivity [18].
The von Neumann algebras generated by the chiral observables of the
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BCFT smeared in a double-cone O = I × J ⊂M+ are
A+(O) = A(I) ∨A(J). (2.1)
This formula expresses the fact that smearing the BCFT chiral fields over
O = I × J is the same as smearing the chiral fields on R over I ∪ J .
In general, a BCFT will contain local observables beyond the chiral ones:
A BCFT is a Mo¨bius covariant local net O 7→ B+(O) where O ⊂ M+
and B+(O) contain A+(O). These von Neumann algebras act on a Hilbert
space which is in general reducible as a representation of A+. We call this
representation pi, thus
pi(A+(O)) ⊂ B+(O). (2.2)
The representation pi of A+ is at the same time a representation of the chiral
net I 7→ A(I), and we require it to be a covariant positive-energy representa-
tion. We also assume that the algebra generated by pi(A) together with any
single local algebra B+(O) acts irreducibly on the Hilbert space of B+ (“joint
irreducibility”), expressing the physical property that the stress-energy ten-
sor (contained in A) locally generates the translations of the BCFT, and
hence together with a single local algebra B+(O) generates the entire net.
Our aim is to understand the structure of the extension (2.2). It is the
most remarkable conclusion of our work that this is possible in terms of
(local or non-local) chiral nets which contain the chiral observables.
A chiral extension of A is a Mo¨bius covariant net of inclusions
pi(A(I)) ⊂ B(I) (2.3)
in the vacuum representation of B, such that B and A are relatively local,
i.e., B(I1) commute with pi(A(I2)) whenever Ii are disjoint. B contains
A irreducibly if the inclusions (2.3) are irreducible. In this case, B(I) are
factors and (2.3) are subfactors.
The passage between chiral and boundary CFT makes use of two basic
operations: “restriction” and “induction”. Restriction associates a chiral
net (over the intervals I ⊂ R) with a given BCFT net (over the double-
cones O ⊂ M+), and induction associates a BCFT net with a given chiral
net.
Every interval I ⊂ R defines a left wedge WL(I) = {(t, x) ∈M+ : t+x ∈
I, t−x ∈ I}, and a right wedge WR(I) :=WL(I)
′ (the interior of the causal
complement within M+).
Let a BCFTB+ be given. For either wedges, let B+(W ) :=
∨
O⊂W B+(O).
The boundary net I 7→ ∂B+(I) is defined by restriction of B+ to the left
wedges,
∂B+(I) := B+(WL(I)). (2.4)
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For the time being, we also introduce the net I 7→ ∂′B+(I) defined by
∂′B+(I) := B+(WR(I))
′ (2.5)
but we shall later see that this net coincides with ∂B+. Both chiral nets
B = ∂B+ or = ∂
′B+ are chiral extensions of A; joint irreducibility of B+
implies irreducibility of the chiral extensions. But although B+ is local, ∂B+
and ∂′B+ are in general non-local nets.
Conversely, let a chiral extension pi(A) ⊂ B be given. For O = I × J ⊂
M+ and J = (a, b) < I = (c, d), let K and L denote the intervals K = (b, c)
and L = (a, d). The induced net O 7→ Bind+ (O) is defined by
Bind+ (O) := B(K)
′ ∩B(L). (2.6)
Even if B may be non-local, Bind+ is local. If B contains A irreducibly, then
Bind+ satisfies joint irreducibility. It follows that B
ind
+ is a BCFT net.
One has the following relations between the two constructions.
Theorem: Let B be an irreducible local extension of A, and let B+ be
a BCFT net. Then
(T1) ∂′B+ = ∂B+.
(T2) ∂(Bind+ ) = B.
(T3) (∂B+)
ind
+ = (B+)
dual.
The dual net in (T3) is defined standardly: since O′ is the union of a left
wedge WL and a right wedge WR, let B+(O
′) := B+(WL)∨B+(WR). Then
(B+)
dual(O) := B+(O
′)′. (2.7)
The dual of a local net extends the local net but needs not to be local itself;
if it is local, then it equals its own dual, i.e., it is self-dual.
Let us first discuss the far-reaching implications of this theorem.
Corollary: (C1) Every BCFT satisfies wedge duality, i.e., B+(W
′) =
B+(W )
′ for any wedge W .
(C2) Every irreducible chiral extension arises by restriction of some BCFT.
(C3) Every self-dual BCFT net arises by induction from some irreducible
chiral extension.
(C4) The dual net of a BCFT is local, hence self-dual.
(C5) Every induced BCFT net is self-dual.
(C6) The maps B 7→ Bind+ (induction) and B+ 7→ ∂B+ (restriction) give a
bijection between self-dual BCFT nets and irreducible chiral extensions.
(C1) is equivalent to (T1) by the definitions. (C2) is obvious from (T2),
and (C3) from (T3). (C4) follows from (T3) because every induced net is
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local. (T2) and (T3) together imply (C5) because (Bind+ )
dual = (∂Bind+ )
ind
+ =
Bind+ , as well as (C6) because ∂(B
ind
+ ) = B and (∂B+)
ind
+ = (B+)
dual = B+.

In particular, for self-dual BCFT nets, one has
B+(O) = B(K)
′ ∩B(L) (2.8)
(B = ∂B+ the corresponding boundary net, and K and L as in (2.6) before).
One may regard the identity (2.8) as a “holographic relation” between a two-
dimensional CFT and a one-dimensional (chiral) CFT: The inclusion (2.2)
is completely determined by the chiral extension (2.3), see Sect. 3 below.
By (C6), classification of self-dual BCFT’s is equivalent to classification
of irreducible chiral extensions. This is a finite problem, because completely
rational nets possess only finitely many irreducible chiral extensions. E.g.,
for Virasoro nets with c < 1 and for SU(2) chiral current algebras, complete
classifications of local chiral extensions have been obtained in [13], and non-
local ones can be classified along the same lines.
A general BCFT B+ is intermediate between pi(A+) and (B+)
dual. Be-
cause one can show that pi(A+(O)) ⊂ (B+)
dual(O) given by (2.8) has finite
index, the number of intermediate nets is also finite.
We disentangle the proof of the theorem by a series of lemmas, which
are of more or less interest of their own.
Lemmas: (All nets and extensions here are assumed to be Mo¨bius co-
variant. As before, chiral extensions are relatively local. Otherwise, locality
of the nets is stated explicitly if assumed, and so is complete rationality.)
(L1) If a local chiral net A is completely rational, then every irreducible
chiral extension of A has finite index.
(L2) If B extends A with finite index and A is split, then B is split. (The
split property for non-local nets is B(K)∨B(L)′ ≃ B(K)⊗B(L)′ if K and
L are disjoint intervals without common boundary points.)
(L3) If a chiral net is split, then
⋂
K⊂L[B(K) ∨ B(L)
′] =
[⋂
K⊂LB(K)
]
∨
B(L)′ = B(L)′.
(L4) Every chiral net B has a maximal relatively local net C ⊂ B. C is
unique, hence covariant and invariant under the gauge group of B. Clearly,
C is local, and if A ⊂ B is relatively local then A ⊂ C ⊂ B.
(L5) If C ⊂ B is invariant under the gauge group of B, then there are local
vacuum-preserving conditional expectations B(I)→ C(I).
(L6) If A ⊂ C and C is local, then there are local vacuum-preserving con-
ditional expectations C(I)→ A(I).
(L7) The local conditional expectations B(I) → A(I) of a chiral extension
(existing according to (L4–L6)) are consistent, i.e., the expectations for two
6
intervals coincide on the intersection of the corresponding local algebras,
and are implemented by the projection on the subspace AΩ.
(L8) If A ⊂ B has finite index and there are local vacuum-preserving con-
ditional expectations B(I)→ A(I), then B has the BW property if A does.
(L9) If a chiral extension B of A has finite index, then B has the BW
property.
(L1) [10] and (L2) [17] employ subfactor theory techniques (the gener-
ation of the larger algebra by the smaller and certain isometries). Proving
(L3) and (L4) is elementary [17]. (L5–L9) invoke Modular Theory.
We focus on the steps involving Modular Theory (referring to the ap-
pendix for its results used here). (L5) and (L6) follow with Takesaki’s The-
orem about conditional expectations and modular stability of subalgebras
as well as the characterization of the departure from the BW property in
non-local theories, based on Borchers’ modular commutation relations: in
(L5), C(I) is invariant under the modular group of (B(I),Ω) by (A.5), and
in (L6), C, being local, satisfies the BW property, hence A(I) is invari-
ant under the modular group of (C(I),Ω). So in both cases (i) ⇒ (ii) in
Takesaki’s Theorem (see the appendix) proves the claim. (L7) uses the re-
striction and implementation properties in Takesaki’s Theorem: since A is
local, the cocycle for A is trivial, hence the cocycle z(t) for B is trivial on
the cyclic subspace of A, hence the modular group of B(I) acts trivially
on A(I). (L7) follows because the projection on A(I)Ω is independent of I
(Reeh-Schlieder theorem). By the same argument, it follows in (L8) that
the fixed point subalgebra B(I)z of B(I) under the one-parameter group
Adz(t) of automorphisms contains A(I), hence the index of the fixed point
subalgebra is finite. Because R has no nontrivial finite quotients, we must
have B(I)z = B(I), hence B(I) commutes with z(t). Ω being cyclic for
B(I), this implies that z(t) is trivial, hence (L8). Combining (L4–L8), gives
(L9) because A, being local, has the BW property. 
Now the theorem is proven easily. (L1–L3) mean that
∨
K⊂LB
ind
+ (O) =
B(L), which is the statement of (T2). By (L1) and (L9) we conclude that
∂B+(I) and ∂
′B+(I) have the same modular group (namely the dilations
of I). Because ∂B+(I) ⊂ ∂
′B+(I) and Ω is cyclic for both algebras, the
implementation property in Takesaki’s Theorem implies equality. This is
(T1). (T3) is then obvious by writing (2.7) as ∂B+(K) ∩ ∂
′B+(L). 
Along the way, we proved the following proposition (assembling re-
sults on chiral extensions) and its corollary (assembling the implications
for BCFT):
Proposition: (P1) Every chiral extension has a consistent family of
vacuum-preserving conditional expectations EI : B(I)→ A(I).
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(P2) If a chiral net B is a chiral extension with finite index of a local net
A, then B satisfies the BW property. In particular, this is the case for all
irreducible chiral extensions of completely rational nets.
(P3) The split property is upward hereditary for chiral extensions of finite
index.
(P1) is the combination of (L4-L7). (P2) is (L8), using the fact that a
local chiral net has the BW property. (P3) is (L2). 
The existence of a consistent family of vacuum-preserving conditional
expectations has been a crucial assumption, expressing a generalized sym-
metry principle, in the general structure theory for chiral extensions [16].
We see from (P1–P3) that it is automatic for boundary nets of a BCFT
which are irreducible extensions of a completely rational chiral net. Thus,
subfactor methods as developped in [16] may be applied.
Corollary: (C7) Every BCFT satisfies the split property for wedges.
(C8) The index of pi(A+(O)) ⊂ B+(O) is universal for self-dual BCFT nets
B+ (i.e., it depends only on the chiral observables A).
(C9) A self-dual BCFT is strongly additive, i.e., if Oi are two spacelike
separated double-cones which touch each other in one point and O = I × J
is the double-cone spanned by O1 and O2, then B+(O1)∨B+(O2) = B+(O).
(C10) A self-dual BCFT satisfies Haag duality for finite unions of spacelike
separated double-cones.
(C11) A self-dual BCFT net has no DHR sectors.
(C7) follows for induced BCFT nets by the definition because B is split
by (P3) because A is completely rational. Then (C7) is true for any BCFT
because B+ is contained in (B+)
dual, which is an induced net. For (C8), let
B = ∂B+ denote the boundary net, and consider the chain of inclusions
pi(A(K))∨pi(A(L′)) ⊂ pi(A(K))∨B(L)′ ⊂ B(K)∨B(L)′ ⊂ pi(A(I))′∩pi(A(J))′.
By the split property (P3) for B, the first two inclusions both have index
[B : A], and by the general theory in [14], the total index equals d(pi)2µA
where d(pi) = [B : A] and µA is the “dimension” of the DHR superselection
category of A, i.e., the sum of the squares of the dimensions of all irreducible
DHR sectors of A. Hence, the index of the last inclusions is µA, and by
passing to the commutants, this is the index of the subfactor in (C8).
(C8) implies (C9) by standard subfactor methods [15], relying only on
the finiteness of the index in (C8). By similar methods as for (C8), the
index of B+(E) ⊂ B+(E
′)′ when E is a finite union of spacelike separated
double-cones, is computed [17] to be a power of [(B+)
dual : B+], hence it
is 1 if B+ is self-dual, implying (C10). (C10) implies (C11) by standard
arguments. 
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3 The charge structure of BCFT fields
The holographic formula (2.8) allows for an explicit computation of the
local algebras B+(O) of a self-dual boundary CFT in terms of the chiral
extension A ⊂ B. It is found [17] that B+(O) is generated by A+(O) along
with a finite system of charged BCFT operators, carrying a product of chiral
charges which is bi-localized in I and in J if O = I × J .
The notion of chiral charge here refers to the irreducible superselection
sectors (generalized charges) of the theory A. The bi-localized charge struc-
ture expresses itself in the commutation relations with the local fields on the
boundary: A charged operator ψ ∈ B+(O) is an intertwiner for σ ◦ τ¯ where
σ and τ¯ are DHR endomorphisms of A localized in I and in J , respectively.
Hence ψ carries a charge [σ] localized in I and a charge [τ¯ ] localized in J .
The precise combinatorial structure (including the pairing of chiral charges)
of these local charged intertwiners in terms of non-local “chiral vertex opera-
tors” can be determined by solving a certain eigenvalue problem, depending
on the chiral extension A ⊂ B, within the DHR superselection category of
A.
The admissible pairing of chiral charges is described by a modular invari-
ant matrix Zσ,τ . It is also proven in [17] that the induced BCFT B
ind
+ is lo-
cally isomorphic to a local two-dimensional CFT B2 on the entire Minkowski
spacetime (whose Hilbert space is given by the same modular invariant ma-
trix Z), previously obtained by a “generalized quantum double construction”
[20]. There is thus a common (sub)net, defined sufficiently far away from
the boundary, of which B2 and B
ind
+ may be regarded as different quotients
(representations) distinguished by the absence or presence of the boundary.
4 Nimreps and non-vacuum BCFT
This section closes a gap which was left open in [17]. We canonically as-
sociate with a given non-local chiral extension pi(A) ⊂ B a family of chiral
extensions Bb along with a family of positive-energy representations pi
ab of
Bb where the labels a and b (“boundary conditions”) run over the same finite
set. The holographic construction yields a corresponding family of BCFT’s
B+,ab.
The multiplicities nρab of the irreducible DHR sectors [ρ] of the chiral
observables A within piab form a normalized “nimrep” (non-negative integer
matrix representation) of the fusion rules of the DHR sectors of A,
nσ · nρ =
∑
τ N
τ
σρ n
τ such that n0ab = δab. (4.1)
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In particular, unless a = b, these representations do not contain the vacuum
sector. The property (4.1) implies that the partition functions Tr exp−βL0
of B+,ab coincide with matrix elements of the heat kernel exp−(2pi
2/β)(L+0 +
L−0 ) of the associated Minkowski theory B2 between pairs of states |a〉 and
|b〉 from a finite family of distinguished improper “boundary states” [23].
Our construction starts by “acting with the DHR sectors of A” on pi(A) ⊂
B as in [2, 17]: Let ι denote the inclusion homomorphism ι : A(I)→ B(I) for
a fixed interval I. Then consider homomorphisms ι◦σ : A(I)→ B(I) where
σ runs over the DHR endomorphisms of A localized in I, and let X be the
(finite) set of all equivalence classes [a] of irreducible subhomomorphisms1
a ≺ ι ◦ σ as σ varies. For every pair a, b in X and a¯ : B(I) → A(I) a
conjugate2 homomorphism of a, the product a¯ ◦ b : A(I) → A(I) is (the
local restriction of) a DHR endomorphism localized in I. It follows that the
numbers3
nρab = dimHom(ρ, a¯ ◦ b) ≡ dimHom(a ◦ ρ, b) (4.2)
form a nimrep as above, including the normalization.
The construction of the family of chiral CFT’s and hence BCFT’s asso-
ciated with this nimrep now relies on the following equivalence.
Theorem [16]: There is a 1:1 correspondence (up to unitary resp. alge-
braic equivalences) between
(i) irreducible covariant chiral extensions pi(A) ⊂ B, defined on the vacuum
Hilbert space of B.
(ii) irreducible subfactors A1 ⊂ A(I0) (for any fixed interval I0) whose
canonical endomorphism4 is (the local restriction of) a DHR endomorphism
θ of A localized in I0.
More precisely [16, Cor. 3.3 and Prop. 3.4]: a chiral extension gives an
inclusion homomorphism ι : A → B such that pi = pi0 ◦ ι, where pi0 is the
defining vacuum representation of B. For any interval I0, one can construct
a conjugate homomorphism ι¯ : B → A such that ι¯ ↾B(I): B(I) → A(I) is
conjugate to ι ↾A(I): A(I) → B(I) whenever I ⊃ I0, and θ = ι¯ ◦ ι is a DHR
1A homomorphism β : N → M is a subhomomorphism (β ≺ α) of α : N → M , if the
intertwiner space Hom(β, α) := {t ∈ M : tβ(n) = α(n)t ∀n ∈ N} contains an isometry,
t∗t = 1; hence β(n) = t∗α(n)t.
2A homomorphism α¯ : M → N is conjugate to α : N → M , if idN ≺ α¯ ◦ α and
idM ≺ α ◦ α¯. Since A is assumed to be completely rational, all homomorphisms in the
sequel decompose into finitely many irreducibles, and possess conjugates.
3Strong additivity of A guarantees equivalence between local and global intertwiners,
hence the notions of equivalence and subendomorphisms are the same for DHR endomor-
phisms and for their local restrictions.
4If N ⊂M with inclusion homomorphism ι and conjugate ι¯, then ι¯ ◦ ι ∈ End(N) is the
canonical endomorphism, and ι ◦ ι¯ ∈ End(M) the dual canonical endomorphism.
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endomorphism of A localized in I0. Then pi
0 is unitarily equivalent to pi0 ◦ ι¯,
where pi0 is the defining vacuum representation of A, and consequently pi is
unitarily equivalent to pi0 ◦ θ. This unitary equivalence turns the covariance
U of B into the covariance5 Uθ of A in the DHR representation pi0 ◦ θ.
The 1:1 correspondence in the Theorem is given by the subfactor
A1 := ι¯(B(I0)) ⊂ A(I0). (4.3)
From the subfactor A1 ⊂ A(I0), one can reconstruct A(I0) ⊂ B(I0) by the
Jones basic construction [11], along with a conditional expectation which
extends the vacuum state on A(I0) to a state on B(I0). The construction
of the entire net B is then achieved with the help of charge transporters or
using the Mo¨bius covariance [16, Thm. 4.9]. The vacuum state extends to
the net, and its GNS representation is the vacuum representation of B.
Now, let a chiral extension pi(A) ⊂ B be given. Fix an interval I0 and
let ι : A(I0) → B(I0) denote the local inclusion homomorphism. Then
θ = ι¯ ◦ ι is (the local restriction of) a DHR endomorphism localized in I.
Let σ be a DHR endomorphism localized in I0 and a ≺ ι ◦ σ an irreducible
sub-homomorphism as before. Then the subfactor A1,a := a¯(B(I0)) ⊂ A(I0)
has canonical endomorphism θa = a¯ ◦ a which is (the local restriction of)
a DHR endomorphism because θ = ι¯ ◦ ι is (the local restriction of) a DHR
endomorphism and a¯ ◦a ≺ σ¯ ◦ θ ◦σ. By (iii)⇒(i), the subfactor A1,a ⊂ A(I)
defines a chiral extension pia(A) ⊂ Ba.
This construction results in a finite family of chiral extensions in their
vacuum representations (called the “DHR orbit” in [17]; note that inequiv-
alent a ∈ X may result in equivalent extensions, e.g., if a1 = a2 ◦ τ where τ
is a DHR automorphism).
Each element of this family generates the whole family (and the same
nimrep) by the same construction [2]: namely, starting from A(I0) ⊂ B(I0),
let c ∈ X, and construct A(I0) ⊂ Bc(I0) as before with inclusion homo-
morphism ιc : A(I0) → Bc(I0) and dual canonical endomorphism θc =
ι¯c ◦ ιc = c¯ ◦ c. Then because c¯(B(I0)) = A1,c = ι¯c(Bc(I0)), the map-
ping ϕc := c¯
−1 ◦ ι¯c : Bc(I0) → B(I0) is well defined, and is an alge-
braic isomorphism between Bc(I0) and B(I0). Using A(I0) ⊂ Bc(I0) as
the starting point instead, denote by Xc the set of equivalence classes of
irreducible subhomomorphisms ac : A(I0)→ Bc(I0) of ιc ◦ σ for DHR endo-
morphism σ localized in I0. Then ϕc ◦ ac : A(I0) → B(I0) is contained in
c¯−1 ◦ ι¯c ◦ ι¯c◦σ = c¯
−1 ◦ c¯◦c◦σ = c◦σ ≺ ι◦σ′ ◦σ because c is contained in ι◦σ′
for some σ′. Hence ϕc ◦ ac belongs to X. Conversely, if a ≺ ι ◦ σ belongs to
5The covariances here are the unitary representations of the Mo¨bius group such that
AdU(g)B(I) = B(gI) and AdUθ(g) ◦ pi0 ◦ θ(A(I)) = pi0 ◦ θ(A(gI)), respectively.
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X, then a ≺ c◦ σ¯′ ◦σ for some σ′, hence ϕ−1c ◦a ≺ ι¯
−1
c ◦ c¯◦c◦ σ¯
′ ◦σ = ιc◦ σ¯
′◦σ
belongs to Xc.
This means that ϕc provides by left composition a bijection between
the irreducible subhomomorphisms of ι ◦ σ : A(I0) → B(I0) as σ varies,
and those of ιc ◦ σ : A(I0) → Bc(I0) as σ varies. Moreover, a¯c(Bc(I0)) =
a¯c◦ϕ
−1
c (B(I0)) = a¯(B(I0)) give the same subfactors A1,a ⊂ A(I0), and hence
the same family of chiral extensions. Obviously, the bijection preserves the
nimrep nρab = dimHom(ρ, a¯ ◦ b).
We now turn to positive-energy representations of chiral extensions,
using α-induction [16]. α-induction covariantly extends a DHR endomor-
phism σ of A to an endomorphism of its extension B, and hence to a co-
variant induced representation of B. The latter is unitarily equivalent to
pi0 ◦ σ ◦ ι¯ [16]. This representation of B restricts to the DHR representation
pi0 ◦ σ ◦ ι¯ ◦ ι = pi0 ◦ σ ◦ θ of A. Since the covariance of B in the repre-
sentation pi0 ◦ ι¯ is Uθ, the covariance in induced representation pi0 ◦ σ ◦ ι¯ is
Uσσ(U
∗
0Uθ) = Uσ◦θ [5]. The induced representation is in general reducible.
Let a, b ∈ X. Then a¯ ◦ b is the local restriction of a DHR endomorphism
θab with multiplicities n
ρ
ab. Moreover, there is a DHR endomorphism σ of A
localized in I0 and an isometric local intertwiner t ∈ Hom(a¯, σ ◦ b¯) ⊂ A(I0).
We want to show that t reduces the induced representation pi0 ◦ σ ◦ ι¯b of
Bb. Namely, t is an intertwiner between the local restrictions of the DHR
endomorphisms θab = a¯ ◦ b and σ ◦ θb = σ ◦ b¯ ◦ b, and hence it is also a
global intertwiner. The projection tt∗ thus commutes with σ ◦ b¯(B(I0)) =
σ ◦ ι¯b(Bb(I0)) (i.e., locally) and with σ ◦ ι¯b ◦ ιb(A) (globally). Since Bb(I0)
and A generate the entire net Bb, tt
∗ commutes globally with σ ◦ ι¯b(Bb).
Thus tt∗ defines a subrepresentation pˆiab = pi0 ◦ Adt∗ ◦ σ ◦ ι¯b of the
induced representation of Bb, which restricts to the DHR representation
pi0◦Ad
∗
t ◦σ◦θb = pi0◦θab ofA. Because t ∈ Hom(θab, σ◦θb) also intertwines the
covariances of the DHR endomorphisms [5], pˆiab is covariant with covariance
Uθab .
By choosing a unitary operator U to transport pi0◦θab to a representation
piab of A on Hab =
⊕
ρ n
ρ
abHρ, we obtain the desired covariant extensions
piab(A(I)) ⊂ pi
ab(Bb(I)) (4.4)
with
piab := AdU ◦ pi0 ◦Adt∗ ◦ σ ◦ ι¯b. (4.5)
These theories are positive-energy representations (subrepresentations of α-
induced representations) of the chiral extensions Bb, which were previously
defined in their vacuum representations. 
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Note that in (4.5) we cannot write Adt∗ ◦ σ ◦ ι¯b = Adt∗ ◦ σ ◦ b¯ ◦ ϕb =
a¯ ◦ ϕb because ϕb is only defined on Bb(I0) while ι¯b extends to the net Bb.
Nevertheless, piab depends only on a and b, and not on the choice of σ and
t ∈ Hom(a¯, σ ◦ b¯). Namely, this is true for piab(Bb(I0)) = AdU ◦ pi0 ◦ a¯ ◦
ϕb(Bb(I0)) = AdU ◦pi0 ◦ a¯(B(I0)), and pi
ab(Bb(I)) is obtained by acting with
the covariance of AdU ◦ pi0 ◦ θab on pi
ab(Bb(I0)).
In the case a = b, we may choose σ trivial and t = 1. Thus piaa(Ba)
coincides with the chiral extension Ba in its vacuum representation.
Corollary: The same “holographic construction” as in (2.6):
B+,ab(O) := pi
ab(Bb(K))
′ ∩ piab(Bb(L)) (4.6)
for all a, b ∈ X defines a family of covariant BCFT’s containing piab(A+) on
the Hilbert spaces Hab with multiplicities given by the nimrep (4.2).
The corollary is obvious by the results of [17] mentioned in Sect. 2. 
A Modular Theory in QFT and in BCFT
We assemble those aspects of Modular Theory, which are particularly rel-
evant for BCFT (and for QFT in general). We recommend also [3] and
[21].
The fundamental result of Modular Theory is the following.
Tomita’s Theorem [21, Chap. VI, Thm. 1.19]: Let M be a von Neu-
mann algebra on a Hilbert space H with a cyclic and separating vector Ω.
Then the anti-linear operator S : mΩ 7→ m∗Ω is closable, and its closure
has the polar decomposition S = J∆
1
2 where J = J(M,Ω) is an anti-unitary
involution and ∆ = ∆(M,Ω) ≥ 0 is an invertible positive self-adjoint operator
such that ∆it is a unitary one-parameter group. These “modular data” have
the properties
(i) ∆J = J∆−1, ∆itJ = J∆it.
(ii) ∆it implements a one-parameter group of automorphisms σt of M , i.e.,
σt(M) =M where σt(m) := ∆
itm∆−it. (A.1)
(iii) The conjugation J maps M onto its commutant, i.e.,
j(M) =M ′ where j(m) := JmJ. (A.2)
(iv) The state ω = (Ω, · Ω) is a KMS state of inverse temperature β = 1 on
M with respect to the “dynamics” given by the inverse modular automor-
phism group σ−t. The modular automorphism group is determined by this
property.
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The modular data contain highly nontrivial information about the “po-
sition” of a von Neumann algebra in its Hilbert space relative to the distin-
guished state. In local QFT, this information is of dynamical nature. The
Bisognano-Wichmann theorem [1] states that, if Ω is the vacuum vector
and M the von Neumann algebra of observables localized in a wedge region,
then the modular conjugation J is a CPT operator (which in asymptotically
complete QFT is related to the scattering matrix), and the modular group
∆it coincides with the unitary group of Lorentz boosts which preserve the
wedge:
∆it(A(W ),Ω) = U(ΛW (−2pit)). (A.3)
By the statement (iv), the BW property (A.3) explains the Unruh effect,
that an accelerated observer whose “dynamics” is given by the boosts in
the Rindler wedge senses the vacuum state like a thermal state. Also the
Hawking effect can be explained in this way, because an observer of a black
hole “at rest” in constant distance from the surface, is in fact an accelerated
observer.
Since, as the wedges vary, the corresponding Lorentz boosts generate the
Poincare´ group, the BW property implies that the unitary representation
of the Poincare´ group is of modular origin. In a more ambitious program
[12], one attempts to derive the Poincare´ group from the modular data
of a finite set of wedge algebras, which are required to be in a suitable
“relative modular position” such as to ensure the correct relations among
their respective modular groups in order to generate the Poincare´ group.
In chiral theories, wedges are replaced by R+ and the Lorentz boosts by
the dilations. By conformal covariance, this situation is transported to any
interval and the subgroup of Mo¨b which preserves the interval. Thus, the
BW property is the statement that the modular group of an interval algebra
in the vacuum coincides with the unitary representation of this subgroup.
Since, as the interval varies, these subgroups generate the Mo¨bius group,
the BW property implies that the conformal group is of modular origin.
Of relevance for BCFT are mainly the following two profound theorems.
Takesaki’s Theorem [21, Chap. IX, Thm. 4.2]: Let N ⊂M be a pair
of von Neumann algebras on a Hilbert space H and Ω ∈ H a vector which
is cyclic and separating for M . Then the following are equivalent:
(i)N is globally invariant under the modular automorphism group of (M,Ω),
i.e., σ
(M,Ω)
t (N) = N .
(ii) There exists a conditional expectation E :M → N which preserves the
state ω = (Ω, · Ω), i.e., ω ↾N (E(m)) = ω(m).
In this case, E is implemented by the projection E onto the cyclic sub-
space NΩ, i.e., EmE = E(m)E. Moreover, the modular data associated
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with (M,Ω) restrict on the cyclic subspace to those associated with (N,Ω),
i.e., E∆(M,Ω) = ∆(M,Ω)E = ∆(N,Ω) and EJ(M,Ω) = J(M,Ω)E = J(N,Ω). In
particular, if Ω is cyclic also for N , then E = 1 and N =M .
Borchers’ Theorem [3, Thm. II.5.2]: LetM be a von Neumann algebra
on a Hilbert space H and Ω ∈ H a vector which is cyclic and separating for
M . Let U(s) be a unitary group preserving Ω such that U(s)MU(−s) ⊂M
for s > 0. If the generator of U is positive, then one has
∆itU(s)∆−it = U(e−2pits). (A.4)
ChoosingM = B(R+) in a Mo¨bius covariant chiral QFT, Ω the vacuum,
and U(s) the translation subgroup of the Mo¨bius group, the spectrum con-
dition implies by Borchers’ theorem that the modular group has the same
commutation relations with the translations as the dilations (scaled by a fac-
tor of −2pi). This implies [6, 4] that the modular group coincides with the
unitary representers of the scaled dilation subgroup up to a unitary cocycle
z(t) taking values in the center of the gauge group of B
∆it(B(I),Ω) = U(ΛI(−2pit)) · z(t). (A.5)
The BW property is the statement that this cocycle is trivial.
If B is local, it has been shown previously [6] that the BW property holds,
by extending the theory to a net on the circle on which the Mo¨bius group
acts globally, and using the triviality of U(R(2pi)) where R is the subgroup of
rotations of the circle. This argument has been generalized [4] to Z2-graded
(fermionic) theories, but it fails for more general non-local nets for which
U(R(4pi)) 6= 1. Our result (P2) provides an alternative sufficient condition
for the BW property of non-local chiral nets which does not depend on the
spectrum of the rotations.
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